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ABSTRACT

The research supported by this grant included two projects: 1. Temperature Control In
Polymer Extrusion Processes, here an optimization problem was formulated. This problem
was motivated by the desire to obtain uniform extrudate temperature at the die exit in a
polymer extrusion process. Control was effected by adjustments to the heat flux along the
surface of the pipe. An optimality system of partial differential equations was derived from
which optimal controls and states may be determined. Then, finite element discretizations
of the optimality system were defined and error estimates were provided along with an
efficient solution algorithm for the discreet. Finally, computational results were given for a
model example with Oldroyd type fluid, demonstrating the effectiveness of our theory and
methods, as well as their potential applicability to industrial problems. II. Analysis and
Finite Element Approximation of An Optimal Control Problem in Electrochemistry with
Current Density Controls, here an optimal control problem for impressed cathodic systems
in electrochemistry was studied. The control in this problem was the current density on the
anode. A matching objective functional was considered. The existence of an optimal
solution was proved. The use of Lagrange multiplier rules was justified and an optimality
system of equations established. Finally, a finite element algorithm was defined and
optimal error estimates were derived.




Temperature Control In Polymer Extrusion Processes

In polymer extrusion processes, one is often interested in maintaining a quasi-uniform
temperature, to reduce material (extrusion product) inhomogeneity, throughout the
extrudate cooling process. In this project, we studied the somewhat simplified case: one
tries to obtain a uniform temperature distribution at the exit under a steady state situation.
The means by which we achieved such a uniform temperature distribution at the exit were
to adjust the heat flux on the surface of the pipe near the exit.

The extrudate in equation was assumed to be a viscoelastic fluid of the Oldroyd type such
as polymer melts with a fast relaxation mode. We took as the governing equations for the
Oldroyd type the Navier-Stokes equations, the incompressibility constraint, the appropriate
constitutive equation for an Oldroyd model, the energy equation, and simplified boundary
conditions. The control function was determined in a manner that would allow hot spots to
be avoided.

We investigated two means of obtaining a uniform temperature distribution. The first is to
make the gradient of the temperature along a portion of the boundary small. Another means
of achieving the desired result is to try to force the temperature field itself to be quasi-
uniform. Numerical experiments revealed that both techniques work effectively for the
desired objective. However, we focus our research on the latter.

We proved the existence and uniqueness of optimal solutions and derived an optimality
system, that is, a set of equations from which the optimal control and state may be
determined. Also, finite element methods and numerical examples were presented. We also
developed an iterative algorithm to compute the approximate solution. The convergence of
our algorithm was proved and a comparison with a direct method made.

Analysis and Finite Element Approximation
of an Optimal Control Problem in
Electrochemistry with Current Density Controls

We investigated an optimal control problem for impressed cathodic systems. A typical
example of an impressed cathodic system is a metal container filled with an electrolyte. The
painted portion of the container surface is usually treated as insulated. The unpainted apart
is divided into cathode and anode that are connected to the negative and positive poles of an
electrical source, respectively. By adjusting the current density on the anode we could
effectively alter the potential distribution on the entire bounding surface or in the entire flow
domain. The potential distribution, of course, affects on the chemical reaction process
occurring inside the flow domain, which in turn affect the rate of corrosion of the metal
container. Thus, the current density on the anode can be used as a practical control variable
for generation a desired potential field. This idea can be conveniently formulated as optimal
control problems for the potential equation with appropriate boundary conditions. Optimal
control problems of this sort have been studied. Here existence of an optimal solution is
proved. The use of Lagrange multiplier rules is justified and an optimality system of
equations is established. Finally, a finite element algorithm is defined and optimal error
estimates are derived.
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BRIEF OUTLINE OF RESEARCH FINDINGS

Abstract. An optimization problem is formulated motivated by the desire
to obtain uniform extrudate temperature at the die exit in a polymer
extrusion process. Control iseffected by adjustments to the heat flux
along the surface of the pipe. An optimality system of partial differential
equations is derived from which optimal controls and states may be
determined. Then, finite element discretizations of the optimality system
are defined and error estimates are provided along with an efficient
solution algorithm for the discrete equations. Finally, computational
results are given for a model example with Oldroyd type fluid, demonstrating
the effectiveness of our theory and method as well as their potential
applicability to industrial problems.




BRIEF OUTLINE OF RESEARCH FINDINGS

In polymer extrusion processes, one is often interested in maintaining a quasi-uniform
temperature, so as to reduce material (extrusion product) inhomegeneity, throughout the
extrudate cooling process. In this research, we study how one obtains a uniform
temperature distribution at the exit under a steady state situation. The means we use to
achieve such a uniform temperature distribution at the exit, is to adjust the heat flux on the
surface of the pipe near the exit.

The extrude in question is assumed to be a viscoelastic fluid of the Oldroyd type, such as
polymer melts with a fast relaxation mode. Two means of obtaining a uniform temperature
distribution, resulting in two different functionals, have been investigated. The first
involves making the gradient of the temperature along the boundary small. Thus, for
example, given a velocity field , we seek a temperature field and a control field such that
the functional

M(T,g)=%f | grad T{dI +“2—5f |gfdr

To .

is minimized subject, of course, to the constraints imposed by the flow equations. Here the
minimization results in a quasi-uniform temperature distribution along the boundary
segment, since the surface derivatives of the temperature are forced to be small. Another
means of achieving the desired result is to try to directly force the temperature field itself to
be quasi-uniform. Thus, now, given a velocity field, we would seek a temperature field
and a control field such that the second functional

N(T,g) = %f |T- Tdrdl“+%f Igrdr

o LY

is minimized subject to the constraints imposed by the flow equations. The non-negative

parameters Y and & can be used to change the relative importance of the two terms appearing
in the definition of N as well as to act as penalty parameters. Our numerical experiments

demonstrated that a small ¥ is more useful in achieving quasi-uniform boundary
temperature distributions, although it also reduces the accuracy of the approximate solution.
Numerical experiments also show that both M and N work effectively for the desired
objective. However, our work has focused on N. Under the realistic assumption thatu - n
= 0 on the boundary, we have proved the existence and uniqueness of optimal solutions
and derived an optimality system, i.e., a set of equations from which the optimal control
and state may be determined. In addition, finite element methods have been used to
compute an approximate solution of the optimality system. Optimal error estimates have
been derived and numerical experiments have been performed. Finally, we have developed
an iterating algorithm to compute the approximate solution. The convergence of our
algorithm has been proved and a comparison with the direct method made.

Control problems for the fully coupled problem as well as temperature matching for the
entire extrudate will be addressed next.
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Abstract. An optimization problem is formulated motivated by the desire to obtain uniform extrudate temperature at
the die eait in a polymer extrusion process. Control is effected by adjustments to the heat flux along the surface of the pipe.
An optimality system of partial differential equations is derived from which optimal controls and states may be determined.
Then, finite clement discretizations of the optimality system are defined and error estimates are provided along with an efficient
solution algorithm for the discrete equations. Finally, computational results are given for a model example with Oldroyd type
fluid, demonstrating the effectiveness of our theory and method as well as their potential applicability to industrial problems.

1. Introduction

In polyiner extrusion processes, one is often interested in maintaining a quasi-uniform temperature, so
as to reduce material (extrusion product) inhomogeneity, throughout the extrudate cooling process. In this
paper, we will study the somewhat simplified case: one tries to obtain a uniform temperature distribution at
the cxit under steady state situation. The means we use to achieve such a uniform temperature distribution
at the exit is to adjust the heat flux on the surface of the pipe near the exit.

The extrudate in question will be assumed to be viscoelastic fluid of Oldroyd type such as polymer melts
witli a [ast relaxation mode [10]. Let u denote the velocity field, p the pressure field, T the temperature ficld
and 7 the purely elaslic part of the extra stress. Let D = %(grad u+ gradu?), W = %(grad u — gradu?)
and Dy = (u-grad )71+ 7W — Wr—a(D7+ 7D) where —1 < a < 1. The parameters Re, We and w are Lhe
Reynolds number, Weissenberg number and retardation parameter, respectively. The governing equations

for the Oldroyd type fluid, in dimensionless form, is given by the Navier-Stokes equations
Re(u -grad)u + gradp = (1 ~w)Au+divr+f, inQ, (1.1)

the incompressiblity constraint

divu=0 inQ, (1.2)

t The work of MDG was supported by the Air Force Office of Scientific Research under grant number AFOSR-90-0179 and
by the Office of Naval Research under grant number N00014-91-J-1493; that of LSH was supported by the Natural Science and
Engincering Research Council of Canada under grant number OGP-0089763; that of JCT was supported by US Army Rescarch
Office under grant number DAAL03-91-G0237.




the constitutive equation (Oldroyd model)
r+WeD,r=2wD inQ, (1.3)

and, for simplicity, the boundary condition
u=h onTl, (1.4)

and also the energy equation

-k AT + (u-grad )T

~ 1.5
= Q + 2u(grad u + grad u”) : (grad u + grad u?) inQ, (1.9)

with boundary conditions

T=0 onlp, (1.6)
or
5-T-l-_HN on'yUTo, (1.7)
oT
. =9 on Ic. (1.8)

The data functions f, Q, Hy, and h are assumed known; the control g is to be determined so that hot spots
are avoided. The constants x and u depend on the thermal conductivity coefficient, density, specific heat
at constant volume, and viscosity coefficient of the fluid. See [11] for details. We assumed that buoyancy
effects can be negelected, and thus the temperature variable does not appear in (1.1).

Two means of obtaining a uniform temperature distribution come to mind. The first is to make the
gradient of the temperature along the boundary T, small. Thus, for example, given a velocity field u, we

would seek a temperature field T and a control field g such that the functional
]
M(T,g) = ."i/ |grad, T|?dT + '-‘-/ |g]? dT (1.9)
2 Jro 2 Jre

is minimized subject, of course, to the constraints imposed by the flow equations (1.5)-(1.8). Here, grad,
denotes the surface gradient operator, e.g., in R 2, the tangential derivative operator 8/07. The non-negative
parameters a and 6 can be used to change the relative importance of the the two terms appearing in the
definition of .\ as well as to act as penalty parameters. The appearance of the control g in the definition of
J is necessary because we are not imposing any a prior: limits on the size of this control. The minimization
of (1.9) results in a quasi-uniform temperature distribution along the boundary segment I', because the
surface derivatives of the temperature are forced to be small. Another means of achieving the desired result
is to try to directly force the temperature field itself to be quasi-uniform. Thus, now, given a velocity field

u, we would seek a temperature field T and a control field g such that the functional

1 k6
J(T,g)=§;/r T~ T ar+ 5 [ lol?dr (1.10)
[#] C

is minimized subject to (1.1)-(1.8), where Ty is some desired temperature distribution, e.g., something close
to the average temperature along I'c for the uncontrolled system. The non-negative parameters v and é can
be used to change the relative importance of the the two terms appearing in the definition of J as well as to
act as penalty parameters. As will be demonstrated by numerical examples in §6, a small v is more useful
in achieving quasi-uniform boundary temperature distributions, although it also reduces the accuracy of the

2




approximate solution. We will examine the latter issue in §4. Numerical experiments show that both (1.9)
and (1.10) work effectively for the desired objective. We will focus our discussion on (1.10) thoroughout this
paper.

Under the realistic assumption that u-n = 0 on I'c UT'n, we may prove the existence and uniqueness
of optimal solutions and derive an optimality system, i.e., a set of equations from which the optimal control
and state may be determined. Also, finite element methods are used to compute an approximate solution
of the optimality system. Optimal error estimates are derived and numerical examples are presented. We
have also developed an iterative algorithm to compute the approximate solution. The convergence of our
algorithm is proved and a comparison with the direct method is made.

Control problems for the fully coupled problem as well as temperature matching for the entire extrudate

will be addressed elsewhere.
We close this section by introducing some of the notation used in subsequent sections. Throughout, C

will denote a positive constant whose meaning and value changes with context. Also, H*(D),s € R, denotes
the standard Sobolev space of order s with respect to the set D, where D is either the flow domain €, or its
boundary T, or part of that boundary. Of course, H%(D) = L*(D). Dual spaces will be denoted by (-)*. Of

particular interest will be the space
HL(Q)={SeH'(Q) : S=0 onlp}.

Norms of functions belonging to H*(2), H*(T') and H*(T¢) are denoted by || - |ls, [ - |ls,r and || - |5 r.,
respectively.

The inner product in L?(Q) is denoted by (-,-), that in L¥(T) by (-,-)r, that in L*(To) by (:,")ro, and
that in L2(T¢) by (-, -)rc- Since, in general, we will use L2-spaces as pivot spaces, these notation will also
be employed to denote pairings between Sobolev spaces and their duals.

We will use the bilinear form

a(T,S) = /ngradT .grad SdQ VT,S € HY(Q)
and the trilinear form
c(u,T,S) = /n(u-gradT) SdQ YueHY(Q) and VT,S€ HY(Q).
These forms are continuous in the sense that there exisf constants ¢, and ¢, > 0 such that
|a(T,$)| € eallTIlISI ¥ T,5 € H'(Q) (1.11)

and

le(u, T, S)| < ecllall1ITH:liS]h YueH(Q) and VT,Se€ HYQ). (1.12)

Moreover, we have the coercivity property
o(T,T) 2 GallTI} VT e Ho(Q) (1.13)

for some constant C, > 0.
For details concerning the notation employed and the inequalities (1.11)-(1.13), one may consult, e.g.,

[1] and [7].




2. The Optimization Problem, Existence of Solutions, And Optimality System

We begin by giving a precise statement of the optimization problem we consider. We will assume the
domain  is a polygon in R2. We first recall that (1.1)-(1.4) uncouples from (1.5)-(1.8). We may solve for
(u, pr) from (1.1)-(1.4) once and for all and then plug them into (1.5)-(1.8). Thus the only state variableis T,
i.e., the temperature field, and the only boundary control variable is g. The state and control variables are
constrained to satisfy the system (1.5)-(1.8), which we recast into the following weak form: find T' € H}(Q)

such that
ka(T,S)+c(u,T,S) =(Q,5) +x(9,S)rc + £ (HN,S)ry VSE HL (), (2.1)
where we have introduced the simplifying notation
Q = Q + 2u(grad u + gradu”) : (grad u + grad ul).

Note that since we seek T € H}(Q),
T=0 onlp. (2.2)

Throughout, we will assume that the given velocity field u is smooth and satisfies
divu=0 inQ and u-n>0 ae.onlcUly. (2.3)
Under these assumptions, we have the useful relation
¢(u,5,S) = % /F (u-n)S2dL >0 VSe H\Q), (2.4)
which can be derived by setting T = S in the following integration by parts formula:
c(n,T,5) = ‘/I:(u-n)TSdI‘—c(u, S,T).
For each possible control function g, there exists a unique corresponding state function T'.
Lemma 2.1- For every g € L*(T'¢), there ezists a unique T € H}(Q) such that (2.1) is satisfied. Moreover,

ITH: + ITllo,re < Cllgllo,re + IRl + 1N llo,rn) - (2.5)8

The admissibility set U,q is defined by
Usg = {(T,9) € Hp(Q) x L*(T¢) : (T, g) < 00, (2.1) is satisfied} . (2.6)
Then, (T, §) € Uaq is called an optimal solution if there exists € > 0 such that
J(T,§) < T(T,9) V(T,g) € Uaasatisfying ||T — T}y +|lg = gllor. <. 2.7)
Based on the previous lemma, we can show the existence and uniqueness of optimal solutions.
Theorem 2.2- There ezists a unique optimal solution (T, §) € Usq. | |
Using techniques in e.g. [9] we may obtain the optimality condition
g=~3olre (28)
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where & is the solution of the adjoint state equation
ka(R,®) + c(u, R, ®) — % (R,T-Ti)p, =0 VREHKHQ). (2.9)
Eliminating g from (2.1) and combining with (2.9), we obtain the optimalily system
xa(T,S) +c(u, T, S) + g(q», S)re = (Q,5) + & (Hn,S)ry ¥ S €Hb(Q) (2.10)

and
1
k a(R,®) + c(u, R, ) - z (RT-Ti)p. =0 YREeHH). (2.11)

Thus, the optimal state, i.e., the temperature distribution T, can be found by solving the coupled system

(2.10)-(2.11). which also provides the optimal co-state ®. The optimal control g can then be deduced from
(2.8). |

3. Finite Element Approximation, Error Estimates, and Iterative Methods

In the usual manner, one may construct finite element subspaces W» C HL(2) N C(Q1) parametrized
by a parameter h that tends to zero. (In practice, h is, of course, related to a grid size.) We assume the

approximation property (see [3]): there exist an integer k and a constant C such that
shiéxam IS = S|y < Ch™||S|lm+1 VS € Hp(Q)and0<m <k. (3.1)

A finite element algorithm for determining approximations of the solution of the optimality system (2.9)-
(2.10) is then defined as follows: seek T* € W" and ®* € WP such that

ka(T", S*) + c(u, T, S*) + %(qﬂ', SM)re

3.2
=(Q,S"+«k(Hn,S")ry VSPewh #2)

and
ka(R*, ®") + c(u, R",@")-% (RMT* -Ta),_=0 VR eW". (3.3)

Although the optimality system is linear, the coupling of u and ® in the two equations make the
derivation of error estimates nontrivial. It turns out to be convenient to apply the Brezzi- Rappaz-Raviart

theory (see [2). [5], and [7]) to obtain error estimates.

Theorem 3.1~ Let (T, ®) and (T*, ") be the solutions of (2.9)-(2.10), and (3.2)-(3.3), respectively. Assume
that T, ® € H™HY(Q) N HL(Q) for some 1 < m < k; also assume that (3.1) holds. Then,

IT - Tl + 1|12 — 2"l
1

1
< C'max {3, ot 1} R (1Qllm-1 + |HNlIrym-172 + I Tallrg,m-1/2) »

where C is independent of h, 6, v, T, and &. [ |

A simple iterative algorithm for solving (2.10)-(2.11) can be defined as follows:

choose (9




forn=1,2,..., solve for T(®) from

xa(T™), S) + c(u, T("), S)

= —2(8V,S)r; +(Q. )+~ (Hy, S)rw ¥ S € HH(Q); (34)

then solve for ®(*) from
xa(R, ™) + c(u, R, 8™) = %(R, T™) _Tyr. VReHLHQ). (3.5)

Of course, ultimately, this algorithm has to be carried out in a discretized version, such as one using a finite
element method. )

The convergence of this algorithm can be proved as a result of the observation that it is effectively a
gradient method for the following minimization problem: find ¢ € L?(T'¢) such that K(g) := J(T(g),9) is
minimized where T'(g) € H}(Q) is defined as the solution of (2.1).

Theorem 5.2- Let (T(®), ®(")) be the solution of (3.4)-(3.5) and (T, ®) the solution of (2.9)-(2.10). Then,
T =T in HH(Q) and (™) = & in HLH(Q) asn — co. |

4. Computational Examples

Let Q@ C R2 be the unit square (0,1) x (0,1). Let T =T¢c Ul'p UTy UTo be shown as in Figure 1.

k

Iy

Figure 1. Computational domain

The finite element spaces WP are chosen to be piecewise linear elements on a triangular mesh. All the
numerical results make use of the following parameters and data:

parameters: £=1/073; Re=1; We=1;, w=1/2;
boundary data: T=1 onTp, y 0 onTyUTy;

5«

heat source: Q= - - (971'2 cos(37z) cos’(wy) — 4w sinz(gﬂ:) cos(27ry)).

+(1- yz)-l-; sin(37z) cos®(7y) ;

6




velocity profile: u=(1-y,0),

elastic extra stress profile: r= ( 0 -yz) :

pressure profile: p=4l-yp))-z.

In functional (1.10), we choose
Ty =3.5.

For the data given above, the exact solution of the uncontroled problem, i.e., for

%%— =0 onTl¢,
is given by T = 5 sin?(3rz) cos?(ry) + 1.
We compare the temperature distribution in the uncontroled case with the optimal temperature distri-
bution in the controled case for which
ér
. =9 onTlc,
where g is the control such that (1.10} is minimized. Approximations to the optimal state and co-state
are computed from (3.2)-(3.3); the approximate optimal control g* is then obtained from (2.8), i.c., g* =
—(1/6)®"*|r.. All of the computational results shown below were obtained with the use of a mesh size
h = %5. Of course, calculations with varying mesh sizes were performed. Since these merely verified the
error estimates. we do not report on them here.
Specifically, Figures 2-4 deal with the following cases:
1. Exact. uncontroled temperature and; Optimal temperature;
2. Exact, uncontroled temperature and; Optimal temperature;

2. Optimal boundary control.

Figure 2. Temperature contours: uncontroled and controled.
Optimal boundary control on I'c.
(T¢ is the top boundary segment.)
(To is the right boundary segment.)
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Figure 3. Temperature surfaces: uncontroled and controled.
(T¢ is the top-right boundary segment.)
(To is the lower-right boundary segment.)
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ANALYSIS AND FINITE ELEMENT APPROXIMATION
OF AN OPTIMAL CONTROL PROBLEM IN
ELECTROCHEMISTRY WITH CURRENT DENSITY CONTROLS

L. STEVEN Hout AND JAMES C. TURNER{

ABSTRACT. An optimal control problem for impressed cathodic systems in electro-
chemistry is studied. The control in this problem is the current density on the anode.
A matching objective functional is considered; (many other objective functionals can
be similarly treated.) The existence of an optimal solution is proved. The use of
Lagrange multiplier rules is justified and an optimality system of equations is estab-
lished. Finally, a finite element algorithm is defined and optimal error estimates are
derived.

Key words. Optimal control, impressed cathodic system, electrochemistry, nonlinear boundary

condition, finite element method, error estimate
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1. INTRODUCTION

We consider an optimal control problem for impressed cathodic systems. A
typical example of an impressed cathodic system is a metal container filled with
an electrolyte. The painted portion of the container surface is usually treated
as insulated. The unpainted part is divided into cathode and anode which are
connected to the negative and positive poles of an electrical source, respectively. By
adjusting the current density on the anode we could effectively alter the potential
distribution on the entire bounding surface or in the entire flow domain. The
potential distribution, of course, has a direct effect on the chemical reaction process
occurring inside the flow domain, which in turn has an effect on the rate of corrosion
of the metal container. Thus the current density on the anode can be used as a
practical control variable for generating a desired potential field. This idea can be
conveniently formulated as optimal control problems for the potential equation with
appropriate boundary conditions. Optimal control problems of this sort has been
studied in [20] and [21] where the goal was to match a desired potential distribution
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on the cathode. The models analyzed in [20] and [21] are essentially linear. [14]
discussed. mainly from an algorithmic point of view, several control mechanisms
including adjusting the positions of anodes and/or the current density on the anodes
in order to best match a desired potential on the structure surface; nonlinear models
were employed as well as linear ones. [15] analyzed a “location control” problem,
e., the control variable is the location of anodes, wherein nonlinear models with

boundary conditions of polynomial or mixed polynomial-exponential growth type
were considered. In this article, we will attempt to mathematically analyze optimal
control problems with current density controls. The nonlinear model used involves
an exponentially growing boundary condition.

We assume the electrolyte occupies a physical doma.ln Q € R? with a boundary
I'. The domain is assumed to be finite in this paper, although infinite domain
problems can be handled if appropriate decay rate at infinity is assumed. If Q C R3,
we will need to work with a non-Hilbert space W1?() with, e.g., p = 3; similar
results can still be obtained.

The electrical potential ¢ in €2 is governed by the differential equation

—div(cgrad¢) =0 in Q,

where the conductivity o is a continuous function with a positive lower bound.
The boundary T is divided into three components: the anode I'4, the cathode
I'c and the insulated part I'y. On the cathode I'¢, ¢ satisfies the relation
o¢

05— = —f(¢) onTl¢,

where f is an empirical function that depends on the electrode materials (see [4]).
In particular we will assume f is given by the Butler-Volmer function:

”

F(¢) = C3[e©1¢ — eC2%) (1.1)

where C;. C; and Cj are positive constants (see [4]). Throughout this paper, f will
be assumed to be defined by (1.1). For notational convenience, we will mainly use
f(¢) rather than the explicit expression given in (1.1).

liquid surface

electrolyte

current

\1/ cathode

anode/\ /
oo
N

rectilier

painted walls

FIG. 1. A typical impressed cathodic system: an electrolyte container

connected with an electrical current source




On the anode I' 4, we have the boundary condition

a-a—r-z- =u only,
which corresponds to the specification of the current density on the anode. Adjust-
ing the current density on I'4 amounts to treating u as a control variable. On the
insulated part Iy,

ag?-=0 only.

on
We are concerned with the following optimal control problem: seek a state ¢
and a control u such that the functional

1 6
._7(¢,u)=-2—-/(¢—¢0)2dﬂ+—0/ u?dl, (1.2)
€ Ja 2 Ta
is minimized subject to the the constraint equations
—div(ocgradé) =0 in Q (1.3)
o
a—a-g- =u only,, (1.4)
0
a—a-% =0 onTy (1.5)
and
0
05 = ~f(¢) onTc. (1.6)

In (1.2) o9 is a desired potential distribution in  and €, and &, are positive con-
stants.

We will make use of an equivalent variational formulation (1.7) of the nonlinear
boundary value problem (1.3)-(1.6). We will utilize Sobolev spaces H™ (), H*(T' 1),
H*(T'c). H*(Ty) and H*(T'). The corresponding norms on these spaces will be
denoted by, e.g., || |lm, || |ls,r ., €tc. For details, see [1] and [8]. A weak formulation
of (1.3)-(1.6) is given as follows: seek a ¢ € H!(f) such that

/agrad¢-grad¢d9+/ f(¢)¢dr=/ wypdl’, Vo e H(Q). (1.7)
Q Tc Ta

Equation (1.7) can be formally shown to be equivalent to the nonlinear bound-
ary value problem (1.3)-(1.6). We mention that second order elliptic differential
equations with exponentially growing coefficients were studied in, among others,
[9], [12]. [13] and [16]. An elliptic equation with mixed Dirichlet-Neumann type
boundary conditions that have an exponentially growing coefficient in the boundary
condition was studied [7]. Some of the techniques in these articles are useful for the
mathematical and numerical analysis of the state equation (1.7).
We restate the minimization problem as follows:

seek a state ¢ € H'(Q) and a u € U such that the

1.8
functional (1.2) is minimized subject to (1.7), (18)
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where
U is a non-empty, closed, convex subset of L%(T 4). (1.9)

Now we state a few useful facts. We set @ = ;C3 min{C1,C:}. Then by Mean
Value Theorem we obtain

f(8)¢ = C5(C1 + C)e®¢? > 204 V ¢ (1.10)
where o is between (Cy¢) and (—C,¢). It is also easy to see that
fl($)22a Y¢. (1.11)
The norm on H() defined by

1/2
Il = {/Qalgradqsﬁdmzafr ¢2dr} V¢ e H\(Q)

is equivalent to the usual H!(Q)-norm || - ||;, i.e.,there exist constants p > 0 and
~ > 0 such that

pllollt > /ﬂalgrad¢l2d9+20/11 ¢*dT 2 7|¢lF VoeH'(Q). (112)
C

A proof of (1.12) can found in, e.g., [17].

The rest of the paper is organized as follows. In §2 we prove the existence and
uniqueness of solutions to (1.7) so that the constraint equation is well-posed. In
§3 we show the existence of an optimal pair (4,%) that minimizes (1.1) subject to
(1.7). In §4 we justify the use of Lagrange multiplier rules and derive an optimal-
ity condition. In §5 we discuss the regularity of optimal solutions. Finally in §6
we define a finite element algorithm for solving the optimality system and derive
optimal error estimates.

2. EXISTENCE AND UNIQUENESS OF
SOLUTIONS TO THE CONSTRAINT EQUATIONS

We first examine the existence of a solution to the nonlinear Neumann type
boundary value problems (1.7).

Lemma 2.1 X be a finite-dimensional Hilbert space whose scalar product is denoted
by (-,-) and the corresponding norm by |-|. Let F be a continuous mapping form
X into X with the following property: there ezists an r > 0 such that

(F($),4) 20 V@€ X with || =r.
Then there exists an ¢ € X such that

F(¢)=0 and |¢|<r.

Proof. See [Raviart], pp. 279. N




Lemma 2.2 Assume ¢ € H}(Q) and s > 0. Then e®l9l € L}(T). Moreover, there
ezists a constant x, independent of ¢, such that

s|o| o*k?|lI}
ePdl <14+ || +e IT| < o0,
T

where |T'! is the measure of T'.

Proof. Let ¢ € H(Q) and s > 0 be given. A Sobolev embedding theorem
implies 0 € HY/%(T"). Using embedding results for Orlicz-Sobolev spaces (see [1],
[10] and [18]) (recall Q C R?), we have H'/2(T') — L 4(T") where the N-function

A(t) = €' — 1. Thus there exists a constant £ > 0 such that

: 182
1olloucry = inf L & - /Fe B ar<1b < xflélh < oo

Hence for each sufficiently € > 0, the constant k = ||¢||,(r) + € satisfies

¢2 ¢2
/[eJTL--—l]dPSI so that /eJTL_dI‘$1+]F|.
T r

We set M = sk?. By an elementary calculation we can show that

z2

e*<ek Viz|>M.

212
We set K = e*M = ¢* ¥ < 00. Then

/ 2191 gr — el dr + / o216l 47
r (x€T:|¢(x)|> M) {x€T:|$(x)| <M}

LI . )
</6 k2 dF+K|PI < 1+ |F|+ ("¢”LA(I‘)+) lrl
r

<1 + Irl + 632("H¢|ll+f)2

IT| < o0.
Letting ¢ — 0 yield the desired result. N

Lemma 2.3 Assume {¢,} C L*(T'¢) is a sequence such that ¢, — ¢ a.e. on I'c
and

/r H(da)éndl <B Vn (2.1)

where f i3 defined by (1.1) and B > 0 is a constant independent of n. Then

[ #@¢dr <timint [ f(8)énar
Tc T'c

tim [ 1$(8a) = f@)dr = 0.
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Proof. The proof follows the ideas of [13], pp. 21-22. Since f is continuous and
én — o0 a.e. on I'c, we deduce that f(¢,) — f(4) a.e. on I'c. Note that f(¢)¢ >0
on I'c so that we may use Fatou’s Lemma to obtain

/ £(9)$ dT < liminf / f(éa)pndl < B.
Te =0 Jre

Hence f(¢)¢ € L'(Q). By setting K = sup|,j<; |f(z)| we easily conclude from the
identity

FOI =17 () Vi£0 (2.2)

that
If@®| < f)t+K VteR.

Thus
If(&)] < |f(#)l|¢|+ K onTc,

i.e., f(o) € L}(T'¢). Utilizing (2.2) again, we deduce that for each § > 0 and for
a.e. x € I'c, we have either

|6n] <671 or |f(8)] < 6f(¢n) Pn

so that

|f(¢)l < Cs+6f(¢n)¢n onTc,

where Cs = sup |f(z)|. For every measurable subset S C I'c we have
lz|<6-1

/ f()|dT < C5]S| + 6 / FH(dn)dndl.
Tc T'c

Equation (2.1) implies
[ #6o)enr <28

for n greater than some Ny > 0. Thus
/ |f(¢n)|dT < C5|S|+2B6 Vn> Ny,
S

where |S| is the measure of S. Hence, the sequence of functions {f(#,)} has equi-
absolutely continuous integrals. By Vitali’s Convergence Theorem,

lim : [f(¢n) — f(¢$)ldT' =0. B

n—oo

Theorem 2.4 Assume u € L?(T'4). Then there ezists a unique ¢ € HY(Q) that
satisfies (1.7). Furthermore, ¢ satisfies the estimate

16l < g{IIUHO,rA 11}, (2.3)
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where 3 and v are constants independent of ¢.

Proof. We first establish an inequality

/Ugrad¢-grad¢d9+ f(¢)¢dl"—/ uddl >
Q Te Ta
>0 VéeH(Q) with ||g]: = r

for some r > 0. Using (1.10) we have that
f@pdrza [ s vee @,
Fc FC .
Hence it follows from (1.12) that
[ oeradé-grdsdar [ f@)odr 2ol Ve @),
Q c

Using Cauchy-Schwartz inequality and trace theorems we obtain the estimate

/P u¢d1“|5ﬂ||¢lllllullo,m V¢ € HY(Q),

where 3 is a positive constant. By combining the last two estimates we deduce that
for r = % {llullo,r, + 1} > 0 we have

/crgrad¢-grad¢d9+/ f(¢)¢d1"—-/ ugdll >
Q ' I'c Ta
>0 Vée HY(Q) with ||l =r.

(2.4)

Since H!() is separable, we may choose a countable basis of H 1Q): {4;}2,. We

=1
set X, = span{v¥1, - ,%n}. The inner product and norm on each X, is defined
by that of H'(Q2) restricted to X,. We introduce the mapping F, : X,, = X, as
follows. For each ¢ € H(Q), Fn(¢) € X, is defined by

(Fa@).v) = [ ograds-graduyat+ [ f@widr- [ w0 1<5<n.
Q Tec Fa
It follows from (2.4) and Lemma 2.1 that the finite dimensional problem
/grad¢n-grad¢d9+/ f((bn)z/)dl":/ uwpdl, Vv e X, (2.5)
Q Tc Ta
has a solution ¢, € X,, with a bound

Iéall < %{nuuo,m +1} . (26)
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We can extract a subsequence of {¢,}, still denoted by {¢n}, that converges weakly
to some 6 € H'(Q) as n — 0. Then {¢,} also converges weakly in H'/?(T") by
a trace theorem. Thus {¢,} converges strongly in L?(T') by compact imbedding.
This in turn implies a subsequence satisfies ¢, — ¢ a.e. on I'. By setting ¢ = ¢,
in (2.5) we obtain

/F F($n)bndT < lfullors énllora
(o}
< Cllullora sl < Cllullor. fj— {lwllor, +1}.

By Lemma 2.3 we have that

/ £(6)¢ dT" < liminf / F(#n)én dT
Te n—oo Jp.

tim [ 1f(60) - Sg)lar =o0.

By passing to the limit in (2.5) for each ¢ € C*(Q) we see that
/ o grad ¢ - grad ¢ dQ2 + f(e)p dl' = / updl, Yoo e C®(Q). (2.7)
Q Tc Ta

We next prove that this ¢ is a solution to (1.7). For each ¢ € H 1(Q), we may
choose a sequence {¢x} C C°(Q) such that || — ¢||s — 0 as k — oo. Using (2.7)

we have '
/ o grad ¢ - grad ¥ dQ+/ f(¢)¢kd1"=/ uppdl’, VEk. (2.8)
Q e Ta

Lemma 2.2 implies ¢“1¢ € L*(T¢) and e~“?¢ € L*(Tc) so that fi._|f(¢)[? dT < oo.
Hence.

| JRCIRS dr| < 1F(Bllore ¥ — vellore < CIFS)lore Ilé — vl

so that

| 16X = p)dr =0 ask - oo,

Te

Thus we may pass to the limit in (2.7) to show (1.7) holds. The estimate (2.3)
follows easily from (2.6).

To answer the question of uniqueness, we assume ¢ and ¢ are two solutions to
(1.7). Then we have

/Qagrad(qs _ a)-gradwdm/r [F(6) = F@NWdT =0, Ve H(Q).
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Setting v = ¢ — @, we see that
[ olemad@ - P+ [ (56)- F@i6 - Har =0,
Q Te
Using Mean Value Theorem,
[ olemdé-opan+ [ fi@e-ardr=o
for some ¢ between ¢ and @. Using (1.11), we see that
[ olerd(s-dFda+a [ (s-dpdr<o.
Q I'c

Hence we deduce that grad(¢ — $#) =0in Q and (¢ — @) = 0 on I'c. This in turn
implies (¢ — ¢) = 0 in (, i.e., uniqueness holds. B

3. EXISTENCE OF AN OPTIMAL SOLUTION

Having shown that the constraint equation (1.7) is well-posed, we are now pre-
pared to study the existence of an optimal solution (¢, 4) that minimizes the func-
tional (1.2) subject to (1.7). We introduce the admissible set

Upg = {(¢,u) € H(Q) x U : (¢, u) satisfies (1.7)},
where U is given by (1.9). |

Theorem 3.1 There ezists a (¢,0) € HY(Q) x U that minimizes (1.2) subject to
(1.7).

Proof. Theorem 2.4 implies an element (¢, u) € Uaq exists such that J(4,u) < co.
Let {(én,un)} C Uza be a minimizing sequence, i.e.,

m J(¢nun) = inf J(4,u) (3.1)

(¢1u)euad

and
/agrad¢n-grad¢d9+/ f(¢,,)¢dr=/ unpdl', Vo € HY(Q). (3.2)
Q I'ec Ta

Using (1.2) and (3.1) we deduce {u,} is bounded in L*(T4). Then (2.3) implies
{ll#=ll1} is bounded. Hence we may extract a subsequence {(¢n,u,)} such that

$n— & in H(Q) and wu,—a in L3(T4).

Furthermore, trace theorems implies ¢, — ¢ in L?(T'¢); this in turn implies ¢, — ¢
a.e. on ['c (after extracting subsequences if necessary). By setting ¥ = ¢, in (3.2)
we obtain

/ngrad¢n|2 df2 + i f(82)8n < llunllors l8nllo,ca < Bllunllo,ry lI6nlls -




Hence we deduce

f(¢a)pn <M
Tc

where M is a constant independent of n. By Lemma 2.3,
f(#)$dl < liminf |  f($n)ndl
FC n—oo FC

and

tim [ 176 - F@Nr =0,

By passing to the limit in (3.2) for ¢ € C*°(Q) we obtain
/agrad&-gradgl)d9+ f($)¢dr=/ aypdl, VY e C>Q).
Q Tc Ta

Then using the denseness of C*°(1) in H'(R) and the fact that f(¢) € L*(T'¢), we
obtain

/agradq;-gradz,bd§2+/ f(<$)z/)d1‘=/ apdl, Vi e H(Q).
Q T'c Ta

Thus (c;ﬁ) € Uyq. Finally using the weak lower semi-continuity of J(-,-), we
conclude that (¢, %) is indeed an optimal solution, z.e.,

J($,4)= inf J(¢,u). N

(¢’u)€u¢d
4. LAGRANGE MULTIPLIER RULES

In this section we will attempt to characterize optimal solutions whose existence
has been established in §3. Since the constraint equation has a unique solution for
each given control u, the state ¢ is a well-defined function of u. Since U given in
(1.9) is not necessarily an open set, the mapping u — ¢ is in general not differen-
tiable. Although other approaches available, it turns out to be convenient to use
the Lagrange multiplier rule to turn the constrained minimization problem (1.8)
into an unconstrained one and derive an optimality condition.

We first quote the following abstract theorem concerning the existence of Lagrange
multipliers for minimization problems on Banach spaces (see, e.g., [19]):

Lemma 4.1. Let B, and B, be two Banach spaces, and U an arbitrary set. Suppose
J is a functional on B, x U, K a mapping from By x U to B;. Assume (¢,1i) €
B; x U 13 a local minimum for the constrained minimization problem.:

min J(¢,u) subjectto K(¢,u)=0, (4.1)
i.e., there ezists an open neighborhood © of ¢ in By such that
J($,4) < T(¢,u) VY (¢,u) €O x U satisfying K(¢,u) = 0.
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Assume further the following conditions are satisfied:
(A) for each u € U, ¢ — J(é,u) and ¢ — K(¢,u) are Frechet-differentiable in

CF
(B) for every ¢ € O, uy,uz € U and a € [0,1], there exists a ua = ua(d,u1,uz) €
U such that '
K(é,ua) = aK($,u1) + (1 — a)K(d,u2)
and

T (¢, ua) < aJ($,u1) + (1 — )T (¢, u2);

(C) the algebraic sum of K4($,4)B: + K($,U) contains a neighborhood of 0.
Then there exists a A € B3 such that

(Ts(,0), %) — (N Kg(d,d)9) =0 Vo € By

and

min £(4,u, 1) = £($,1, ),

where L(,u,\) = T(¢,u)— (A, K(¢,u)) is the Lagrangian of the constrained min-

imization problem (4.1).

Proof: See [19]. B

We will fit our optimization problem (1.8) into the above abstract framework.
We define the Banach spaces B; = H!(Q) and B, = H'(Q)*. Let U be given by
(1.9). The (generalized) nonlinear constraint K : By xU — By is defined as follows:
K(¢,a) = I for (¢,4) € By x U and I € B, if and only if

@ $)r. = /Q ogradd - gradidf + /F F(Byp dr

¢ (4.2)

-/ apdl Yy € H(Q).
Ta .

We easily see that (1.8) is equivalent to

find (¢,u) € By x U such that

T($,u) = inf {7 (3,3) : ($,3) € By x U, K($,) =0} .
Let the Frechet derivative of J and K with respect to ¢ be denoted by Dy J and
Dy4K, respectively. Let the Frechet derivative of J and K with respect to u be

denoted by D,J and D,K, respectively. DyK(¢,u) € L(B;,B;) is defined as
follows. DyK(¢,4)- ¢ = I for ¢ € By and ! € B, if and only if

o) = [ogndd-gadvat+ [ FORd YoeH'@). (43

In order to apply Lemma 4.1, we need to verify conditions (A)-(C). We begin with
the verification of (C).

11




Lemma 4.2. Assume (¢,4) € Uaq is an optimal solution to (1.7). Then the
operator DyK(p,%) is onto from By to B.

Proof: Using (1.11)-(1.12) we easily obtain the coercivity for the bilinear form
G¥)e [ oamadd gradvda+ [ F@Rwdr VE, e H@).
Q T'c
Then Lax-Milgram Lemma implies that for any I € HY(Q)* there exists a unique
6 € H(Q) that solves (4.3). 1

Now we are prepared to derive an optimality condition.

Theorem 4.3. Assume (43,11) € Uyq 13 an optimal solution to the minimization
problem (1.8). Then there ezists a A € H'(Q) such that

/agradd;-grad/\dQ+ f’($)¢AdF=-1—/(¢3—¢o)¢dQ V€ HY(Q).
Q Te € Jao

(4.4)
and

/(601l+/\)(u—12)d1"20 Yuel. (4.5)
Ta

Proof: Condition (A) in Lemma 4.1 is obviously satisfied for the present setting.
The convexity in u for the constraint is readily verified since the control variable u
enters the constraint equation in a linear manner and the control set U is convex.
The convexity in u for the functional is also easily seen from the convexity of the
mapping u + ||| .. Thus Condition (B) is verified. The validity of Condition
(C) is established in Lemma 4.2. Hence, by Lemma 4.1, there exists a A € B} =
H(Q) that satisfies

(DT (6, 11), %) — (A, DpK(,0)-9) =0 V¢ € H(Q) (4.6)

and :

ﬁ_igc(q?,u, A) = L($, @, A), (4.7)

where
L(d,u.\)=T(é,u)— [/‘;crgraqu-grad)\dQ+/Fcf(¢>))\d11 - /;;;Adl"] . (4.8)

Using (1.2) and (4.3), which are the defining equations for J(¢,u) and D¢IC(<£, 4),
respectively, (4.6) can be rewritten as

1 ~ -
« G- twaa- [ogady-gaarda- [ r@uAcr=0 vyem@
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which is clearly equivalent to (4.4). Equations (4.7)—(4.8) implies that, forallu € U,
Ll apane® [ o

- [/agradq“s-gradAdQJr/r f(q”&),\dr—/r a,\dr]

bo

<= /(¢ ¢0)2d9+2 u?dl

Tc

_ [/Qggradq;-grad/\dﬂ-l-/r f(cfS)AdI‘—/F “’\dr] ’

1.€.,

§2/ (u—ﬁ)(u+&)d1"+/r (u—@)AdT >0 Yuel. (4.9)

Given any w € U and € € (0,1), we set u = (1 — €)id + ew in (4.9) (noteu € U due
to the convexity of U) and obtain

& e(w—-&)(ew——eﬁ+2ﬁ)d1"+/ e(w—4a)Adl’' >0 Ywel.

2 Fc I1A

Thus (4.5) follows by dividing the last inequality by € and then letting e — 07. B

5. AN OPTIMALITY SYSTEM AND THE REGULARITY OF ITS SOLUTIONS

In the sequel we will treat the special case U = L2(T'4). From (4.5) we easily
obtain i
@ =—=A. (5.1)
bo

From (4.4), (5.1) and the original constraint equation (1.7), we form the following
system of equations (dispensing with the hat notations to denote optimal solutions):

/agrad¢-grad¢d9+ f(¢)1/)d1“_—3— Apdl, Vye H(Q) (5.2)
Q FA

and
/ ograd A - gradw dQ + / f($)Awdl
r
& L (5.3)
- _/(¢ — $o)wd, Ywe H\(R).
€9 Q
This system of equations will be called the optimality system.

Integrations by parts may be used to show that the system (5.2)-(5.3) constitutes
a weak formulation of the problem

—div(cgrad¢)=0 inQ, (5.4)
66 _ 1 0 _ % _
aan——-éo/\ onT,, o5, = 0 onIy and a%-——f(q&) onI'c, (5.5)
13




—div(o grad \) = %((ﬁ —¢o) inQ, (5.6)

a'—ai =0 onT,UT, and 0_6_/\ =—f'(¢)X onTgc, (5.7
on on

Now we examine the regularity of solutions of the optimality system (5.2)-(5.3),
or equivalently, (5.4)-(5.7).

Theorem 5.1 Suppose that @ C R? is convez or of class C11. Assume (4,)) €
HY(Q) x H'(Q) is a solution to the optimality system (5.2)~(5.3), or equivalently,
(5.4)~(5.7), then we have that (¢, 1) € W3/27(Q) x W3/27(Q) for r € [1,00).

Proof: Since ¢, A € H'(2), Lemma 2.3 implies f(¢) € L™(T'c) and f'(¢) € L"(T'¢)
for all r € [1,00). We infer from trace theorems that A € LY(I'¢c) for all ¢ > 1.
Hence we have a-g—g € LYT) and a% € LY(T) for each ¢ > 1. By applying
elliptic regularity results to equations (5.4)—(5.7), we obtain ¢ € W3/%9(Q) and
A € W3/%9(Q) for each ¢ > 1.

Remark In general the possible discontinuity of the normal derivative on the inter-
section of I'c, T'o and T4 prohibits us from obtaining further regularity. However,
if ¢ and A vanish on the entire intersection of I'c, Iy and T4, then we could in
fact show that ¢ € C*(Q) N C(Q) and X € C*(Q)NC(Q), i.e., ¢ and X are in fact
classical solutions of the optimality system. Also, H*(Q)-regularity for ¢ and ) is
ezpected.

6. FINITE ELEMENT APPROXIMATIONS

6.1 Finite Element Discretizations. A finite element discretization of the opti-
mality system (5.2)~(5.3) is defined in the usual manner. For simplicity we assume
the domain 2 is a convex polygon. We first choose families of finite dimensional sub-
spaces V'* € H(Q) satisfying the approximation property: there exists a constant
C and an integer k such that

v = v*ls < Ch™||v|lmt1, YveH™(Q),1<m<k. (6.1)

One may consult, e.g., [3] or [6] for a catalogue of finite element spaces satisfying

(6.1). Then, we may formulate the approximate problem for the optimality system
(5.2)-(5.3): seek ¢* € V* and A* € V* such that

[ oeradét gradytant [ fightar
Q Tc

] (6.2)
=—— [ Atphdl, vyhevh
b Jr,
and
/ o grad \* - gradw” dQ + / F'(#*)ABW dT
? Fe (6.3)

=_1-/(¢h_¢0)w"d9, Vwh e Vh,
€ Jo
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6.2. Quotation of Brezzi-Rappaz-Raviart Approximation Theory.

The error estimate to be derived in Section 6.3 makes use of results developed by
Brezzi, Rappaz and Raviart (see [5], also [7] and [8]) concerning the approximation
of a class of nonlinear problems. Here, for the sake of completeness, we will state
the relevant results, specialized to our needs.

The nonlinear problems considered in [5] (also [7] and [8]) are of the type

F($)=¢ +TG(%) =0 (6.4)

where X and Y are Banach spaces and T € £(Y; X), G is a C? mapping from X
into Y. A solution % to the equation F(3) = 0 is called a nonsingular solution if
we have that F'(3) is an isomorphism from X into X. (Here, F'(-) denotes the

Frechet derivative of F(-).)
Approximations are defined by 1ntroduc1ng a family of finite dimensional sub-

spaces X* C X and for each h > 0 an approximating operator T* € L(YV; X*).
Then, we seek ¥* € X" such that

Frph) = 9" + T*G(p*) = 0. (6.5)

We will assume that there exists another Banach space Z, contained in Y, with
continuous imbedding, such that

G'(yp)e L(X;Z) VyeX. (6.6)
Concerning the operator T*, we assume the approximation properties
Lim I(T" = Thyllx =0 VyeY (6.7)
and
lim [|(T* = T)ll¢(z:%) = 0- (6.8)

Note that (6.6) and (6.8) imply that the operator G'(¢) € L(X;X) is compact.
Morevover, (6.8) follows from (6.7) whenever the imbedding Z C Y is compact.

We can now state the first result that will be used in the sequel. In the statement
of the theorem, G' represents the second order Frechet derivative of G.

Theorem 6.1 Let X and Y be Banach spaces. Assume that G is a second order
Frechet differentiable mapping from X into Y and that G" is bounded on all bounded
sets of X. Assume that (6.6)-(6.8) hold and that ¢ s a nonsingular solution of
(6.4). Then, there exists a 6 > 0 and an hg > 0 such that for h < hg, there ezists a
unique P € XP satisfying * is a nonsingular solution of (6.5) and ||* —||x < 6.
Moreover, there ezists a constant C > 0, independent of h, such that

I¥* —9llx < CI(T* - T)G)Ix (6.9)

For the second result, we need to introduce two other Banach spaces H and W,
such that W C X C H, with continuous imbeddings, and assume that

for all w € W, the operator G'(w) may be extended as a linear
operator of L(H;Y), the mapping w — G'(w) being continuous (6.10)
from W onto L(H;Y).




We also suppose that
lim [T ~ Tl v, = 0. (6.11)

Then we may state the following additional result.

Theorem 6.2 Assume that the hypotheses of Theorem 6.1 hold and that (6.10) and
(6.11) hold. Assume further that

F'(v)) is an isomorphism of H . (6.12)

Then, for h < hy sufficiently small, there ezists a constant C, independent of h,
such that
" — vl < CI(T* - TICWH)a + 14" - ¢l% - B (6.13)

6.3 Error Estimates for the Approximations of Solutions of the Optimal-
ity System.

In order to derive error estimates, we begin by recasting the optimality system
(5.2)—(5.3) and its discretization (6.2)—(6.3) into a form that fits into the framework
of Brezzi-Rappaz-Raviart theory summarized in §6.2.

We define
X = HY(Q) x HY{(Q),
Y = H-V(T) x HY(Q)" x H~Y4(T),
Z = L) x L*(Q) x L¥(T)
and

Xt=vht xVh,

where H!(Q)" denotes the dual space of H*(Q2). Note that using Sobolev imbedding
theorems, Z C Y with a compact imbedding.

Let the operator T' € L(Y'; X) be defined in the following manner: T(({,n,0) =
(¢,A) for ((,n,0) € Y and (¢,A) € X if and only if

/Ugrad¢-grad¢vd9+a ¢ dl = ((,¥)r, V¢ € H(Q) (6.14)
Q T'c .

and

/a'grad/\-gradwd9+a/ Awdl = (n,w) + (6,w)r, Ywe HY(Q). (6.15)
Q Te

Clearly, (6.14)~(6.15) consists of two uncoupled elliptic equations with mixed Robin-
Neumann type boundary conditions and T is its solution operator.

Analogously, the operator T* € L(Y; X?) is defined as follows: T*((,7,6) =
(¢*, AF) for (¢,n,6) € Y and (¢, A\*) € X% if and only if

/Ugraquh-gradz/)h dQ+a/ o*ph dl = (¢, ¥™)r, VP eVP  (6.16)
Q Te
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and

/ o grad \*-grad w® dQ+a / Aot dD = (n,w?)+(8,0®)r, Vo eV (6.17)
Q r

C

Clearly, (6.16)-(6.17) consists of two discrete Poisson-type equations that are dis-
cretizations of the equations (6.14)-(6.15); also, T* is the solution operator for
these two discrete equations.

By the well-known results concerning the approximation of elliptic equations
(see, e.g.. [3] or [6]), we obtain:

(T = T*)(¢,n,0)lx >0 ash—0, (6.18)
for all (¢.n,8) € Y and, in addition, if T(¢,n,0) € H™*!(2) x H™11(Q), then
1T = T m,8)llx < CHPIT(C,n, O)llmsiaynsmsay - (6.19)
Also, because Z C Y with a compact imbedding, we have that
(T = T")lezx) — 0 ash—0. (6.20)

Next. we define the nonlinear mapping G : X — Y as follows: G(¢,1) = (¢,7,6)
for (¢, A1 X and ((,n,0) € Y if and only if

A= L _ /
(¢.7)r = 5 /r,, ,\7rdr‘+/rc(f(¢) ag)rdl Ve HY¥T), (6.21)
(n,w) = —21; /Q(¢ — do) wdQ Vwe HY(Q) (6.22)
and
(6, 7)r = / (f'(¢) —a)A7dl’ Vre HY¥(TI). (6.23)
Te
(6.21)-(6.23) is equivalent to
%/\ onl4;
(=< f(¢)—ad onTlc; (6.24)
0 onTIy,
n= ——1—(¢ —¢o) inQ (6.25)
€0

= {J@) =R enTo

2
0 on FOUPA. (6 6)

Recall f(0) = C3(e€1¢ —e€2%) so that f!(¢) = C3(C1€°1% +C2¢°2%). Using Lemma
2.2 and trace theorems we infer that if (¢, A) € H}(Q) x H1(Q), then for all ¢ > 1,
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olr € LYT), Mr € LYT), f(¢) € LY(T) and f'(¢) € LI(T). Hence we see that the
triplet ((,n,6) defined by (6.24)-(6.26) is indeed in Y, i.e., G is well-defined.
It is easily seen that the optimality system (5.2)—(5.3) is equivalent to

(6,A) +TG(4,A) =0 (6.27)
and that the discrete optimality system (6.2)—(6.3) is equivalent to
(6", AF) + TG (¢*,A") = 0. (6.28)

We have thus recast our continuous and discrete optimality problems into a form
that enables us to apply the theories of §6.2. It remains‘to verify the hypotheses in
Theorem 6.1. This will be the task of the next two propositions.

Proposition 6.3 The operator G : X — Y defined by (6.21)-(6.23) is second order
Frechet differentiable. Furthermore, (6.6) holds and G" is bounded on all bounded
sets of X.

Proof. In showing the differentiability of G, the linear terms appearing in the
definition of G does not pose any difficulty. Furthermore the nonlinear terms in
(6.21) and (6.23) can be dealt with in a similar way. For clarity, we will only
analyse the differentiability of the nonlinear term 7 — fl‘c f'(#)AT dT. We define

a mapping @ : X — H™/2(T) by (Q(¢,),7) = [r_ f'(#)ArdT for all (¢,)) € X
and 7 € H/?(T). For each given (¢, ) € X we have that

(Q(e+86,1+83) - Q4,2),7)
- / F"(8)(66) A dT — / F1(#)(6)r dT
Tc I'c
- /r F/(6+66) — £(8) — F"(8)(68)] A dT

+ /. [f'(6 +66) — f'($)I(6A)7 dT

= /r /0 [F"((1 - ) + t(¢ + 88)) — F"(#)] dt (§8) Ar dT+ (6.29)

+ /rc /0 F'((1 = )¢ + (¢ + 68)) dt (64)(6A)T dT
| =/r /0/0 tF"(s(1 — t)¢ + st(d + 88) + (1 —s)¢) ds dt |66|* Ar dT"

vy (L= )6 + 46+ 66)) dt (56)6N)r dT ¥ (66, 6X) €X.
TecJoO

Note that f(9) = Ca(eCr# — =09, fI(9) = Ca(C1eCr® + Cre=Cs#), fi(g) =
C3(C?eC1? — C2e~C2%) and f"(¢) = C3(C5eC1¢ + Cie=C2¢). By Lemma 2.2 we
have that for all real number m > 1,

m2C 2 —'};
1 ()lzmrey < € {14101+ ™ M0 )L™
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3~

m2C f
1F"@)llzmrey <€ {14101+ ™ TR}

L
m
I

m2c 2
IF"(@lzmre) < € {14101+ ™ i}

where C is a generic constant independent of . Trace theorems for @ C R? implies
that forallp>1,¢g>1andr > 1,

166liLr(ro) < Clidlls V¥ 86 € H'(Q),

I6Mlzacre) < Cll6XIL ¥ 8X € HY(Q)

and

7l ey € Clitllijer V7€ HYAT).

We fix somem >1,p>1,¢g>1land r > lwith—,lr—‘+%+%+-:; = 1. Then for
every (60,6)1) € X we have that

1
| £ =06 +ta+66) de 6) 537 T <
< sup [I£"((1=1)¢ + 46+ 58)) limro) 1881 18N 2wy lrllzrcre)
<c{u+m+e™ MR 6ol oA il ar ¥ 7 € HYA(D).
Similarly, we have that for every ¢ € H!(Q) and every 7 € H/%(T),
1 1
/ / / tf"(s(1 — )¢ + st(¢ + 6¢) + (1 — s)¢) dsdt |6¢|* Ar dT <
T'ec JO 0
< {a+ i+ sgl A Il e
Returning to (6.29) we obtain that for all 7 € H'/?(T) and (64, 6)) € X,
(Q+i6.0+60 - @) = [ F@68)Irdr - [ f@NeNrdr s
I'ec Te
< {1+ 101+ ML {isgls I8A + 18812 1A} irlhazeyr

so that we conclude Q as a mapping from X to H~1/2(T") is Frechet differentiable
and its derivative Q'(¢, A) is given by

(Q@NGET) = [ 7"@War+ f@)rldr ¥ e BD).

Hence, taking into account the remarks in the beginning of the proof, we have
justified that G is Frechet differentiable and its Frechet derivative G'(¢, A) is defined

19




as follows. For each (4,3) € X, G'(4,0)(#,&) = ({,#6) for ($,3) € X and
(¢,7,8) € Y if and only if

({.=)p = 5l mdr+/ (f'(¢)d — adp)rdl ¥ m e HY*(D), (6.30)
0 Jr'y I'c
(7, w) = _.61_ bwd Vwe H(Q) (6.31)
0 JQ

<¢<5,,->r=/F f”(¢)$Ardr+/r (f'(¢) —a)ordl VreHYYT); (6.32)

or, equivalently,

3-1;& onTy4;
{={ f($)h—a¥ onTc; (6.33)
0 on Iy,
7 = 13 o (6.34)
€0

5 { F($)X +(f'(¢) @) onTc;

g = 6.35
0 onTyUT,. ( )

(These defining equations can be formally derived by differentiating (6.21)-(6.23).)
It is easy to verify from the above equations that for each (1,&) € X, we have
¢, 7,0) € Z, ie, G (¢,)) maps X into Z; furthermore, using trace theorems and
Lemma 2.2 we obtain that

IHor < -lgllé’fllo,r + 1" (#)llzscro) 1PNy + ellllor

C . C 2 1/4 - -
< g3l + 0 {1+ 01+l + il

< 1.7
lillo < <1+l

and

ICllor < IF"(D)lzswe) 1Bl Loy M ey + 1F (M awe) 181 ey + @ll@llo,r
2 /4
<c{r+m+e™ b Bl 1AL + 12} + Cll -
Thus G'(¢,A) € L(X; Z), i.e., we have shown that (6.6) hold.
To show the second order differentiability of G, again for clarity we will ex-

amine only one nonlinear term appearing in the definition of G’, e.g., the term

T - fl‘c f"(¢)pArdT. We define a mapping R : X — L(X; HY/2(T)) by
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<R(¢,/\)(u3,£)),r> = i f"(#)PAr dT for all (4,)), (#,5) € X and 7 € H/2(T).
For each given (¢, ) € X we have that for all (6¢,6)) € X,

(R(#+ 89,2 +63) = R(g, NI(¥,3),7)
_ / £"($)(84)% Ar dT — / F"(8)(8X)r dT
T'c Tc

= [ 1576 +56) - £7(6) = F(@NeRN Arar
# [ 76 +60) - Fr@ENr ar

B /rc/ol/ol EF"(s(1 — )¢ + st($ + 86) + (1 — 5)) ds dt |66|> Ar dT
¥ / / F((1 = )8 + 4 + 66)) dt (84)(EN)pr dT .

Thus similar to the analysis ensuing (6.29), we can show that the operator R is
Frechet differentiable and its derivative R'(¢, A) is defined by:

R(8.3)-(.6.6.8) = [ s@dirras [ p@odira
Tc
Hence, G is second order Frechet differentiable and G"'(¢, A) is defined as follows.
For each (¢, ) € X, G"(¢,A)- (($,%), (#,8)) = ({,5,6) for (($,@), ($,5)) €X x X
and (C,n 6) € Y if and only if

(& mr = /r fi(#)brdt Ve HYAT),

(f,w)=0 Ywe Hy(R)

and
(6,7)r = [f"'(as)zZ A+ fUSEN T+ [ () pErdl Ve HUD);
or, equivalently,
0 only;
(= { f"(#)$$ onTc; (6.36)
0 on Iy,
7=0 in (6.37)

_ { ([)f”'(¢)zz FA+FUW X+ f'(8)65 onTe; (6.38)

onl'ZyUT,.




Furthermore, using Lemma 2.2, (6.36)-(6.38) and trace theorems, we may derive a
bound for G"(#, A) for each given (¢, A):

16”6, Mlly < € {1+ T+ ey} (14 A1)

for some constant C, so that G" is bounded on every bounded subset of X.

A solution (¢, ) of the problem (5.2)-(5.3), or equivalently, of (6.27), is nonsin-
gular if the linear system

/ o grad § - grad d + / £'($)fe dT
Q T'c

) i ) (6.39)
+o [ Swdr=@w) veeH@
0 JT 4
and
/agradf\-gradwdsi+/ f”(¢)$,\wdr+/ f'(¢) Awdl
& 11“0 Te (6.40)
- — | dwdQt = (f,w) Ywe HY(Q)
€0 Q

has a unique solution (¢, X) € X for every (,7 € H()*.

An analogous definition holds for nonsingular solutions of the discrete optimality
system (6.2)—(6.3), or equivalently, (6.28).

It is evident that (6.39)-(6.40) has a unique solution for large enough o, e.g.,

C C 1
o >max{-67.-, —, ClMlLsceey I (¢)||L4(Fc)} :

€o

It is reasonable to assume that (6.39)-(6.40) has a unique solution generically with
respect to g, i.e., the optimal solutions are almost always nonsingular. Thus The-
orem 6.1 and Proposition 6.3 lead to the following;

Theorem 6.4 Assume (¢,)) is ¢ nonsingular solution of the optimality system
(5.2)-(5.3). Assume that the finite element spaces V* satisfy the condition (6.1).
Then, there ezists a 6 > 0 and hg > 0 such that for h < hg, there ezists a unique
nonsigular solution (¢*,A*) of the discrete optimality system (6.2)-(6.3) satisfying
6" = éll1 + [IA* = All1 < &. Moreover,

6" — ¢l + IA* = Als = 0 ash—0. (6.41)

If, in addition, the solution of the optimality system satisfies (¢,A) € H™1(Q) x
H™+1(Q), then there exists a constant C, independent of h, such that

16 = ¢*llx +IX = Al < CA™ (| gllmt1 + [Mllms1) . B (6.42)
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A consequence of Theorems 6.4 is the following corollary that gives error esti-
mates for the approximation of the controls.

Corollary 6.5 Assume (¢,)) is a nonsingular solution of the optimality system
(5.2)-(5.3). Assume that the finite element spaces V* satisfy the condition (6.1).
Define the approzimate control by

uh = -——1—/\" onl4.

0

Then
lu* = ullyj2r, =0 ash—0. (6.43)

If, in addition, the solution of the optimalily system satisfies (¢,\) € H™1(Q) x
H™+1(Q), then there ezists a constant C, independent of h, such that for h < ho,

C

Iu* = ully/zra < ™ (1@llmes + IAlmss) - (6.44)

Proof: Recall that u = —3-A on T'4; see (5.1). Then (6.43) and (6.44) follow
trivially from (6.41)-(6.42) and the inequalities (see [1])

1 1 c
[lu - uh|l1/2,m = %”’\ - /\h||1/2,rc = 6—0”/\ - /\hH1/2,1‘ < E“)‘ =X B

Now we wish to apply Theorem 6.2 to derive L?(I'¢c)-error estimates for the
approximations of u. To this end, we assume the domain 2 is convex and for each
given € € (0,1/4), we introduce spaces

H=HY* Q) x H'/?*(Q) and W =H**(Q) x H¥/**<(Q).
Note that X C H with a compact imbedding so that (6.18) implies
(T = T™")llccy;a) =0 as h—0.

Again using finite element approximation results in [6] we have that if § is convex

and T(¢,n,0) € H™1(Q) x H™+1(Q), then
(T = T*)(¢,n, )|z < CR™F2|T(C,n,0)|| am+r(@yx rmti() -

Proposition 6.6 For each (¢,)) € W, the operator G'(¢,A) : X — Y defined by
(6.33)-(6.35) can be extended as a linear operator of L(H;Y). Furthermore, the
mapping w — G'(w) is continuous from W onto L(H;Y).

Proof. Note that W C L®(Q) x L=(Q) and H'/2*¢(Q)|r C L*(T") with continuous
imbeddings. For each (¢,A) € W, we can easily verify from (6.33)-(6.35) that

IG" (6, (%, &)y
< A@){I@llo,r. + I1$llo,re + Idllo + IGllo,r }
< Cr A@) {16l /2 4e + 1Blli/a+e} VY ($0) € H,
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where

A@) = Cmax{ £, = (FGol+a) | max ("GOl Nle/zeo) |

, max
€0 |x|<|@llas2e [x|<li¢llas24-e

and Cr is a constant such that ||¥||o,r < Crl|[%||1/24¢ for all v € H/2%+¢(Q). The
desired results follow easily from this estimate.

If (¢, ) is a nonsingular solution of (5.2)-(5.3), using the denseness of H Q) in
HY/2%¢(Q) and regularity theories for (6.39)-(6.40), we infer that (6.12) holds.

Thus we have verified all the requirements in Theorem 6.2 so that we can draw
the following conclusion:

Theorem 6.7 Assume Q is conver and (¢,)) is a nonsingular solution of the
optimality system (5.2)-(5.3). Assume that the finite element spaces VP satisfy the
condition (6.1). Then, there exists ¢ § > 0 and ho > 0 such that for h < ho,
there ezists a unique nonsigular solution (¢*, A\*) of the discrete optimality system
(6.2)-(6.3) satisfying ||¢* — ¢|l1 + |A* — Ally < 6. If, in addition, the solution of
the optimality system satisfies (#,)) € H™T1(Q) x H™T(Q), then there ezists a
constant C, independent of h, such that

16 = *llerrsz + 1A = Mlles1/z S CR™F2(|g]lmsr + [ Mllmsr) . B (6:45)

A consequence of Theorem 6.7 is the following corollary that gives the L%(T 4)-
error estimates for the the approximation of the controls.

Corollary 6.8 Assume Q is convez and (¢,)) is a nonsingular solution of the
optimality system (5.2)-(5.3). Assume that the finite element spaces Vh satisfy the
condition (6.1). Define the approzimate control by

h=__];_/\h
0

u onl4.

If the solution of the optimality system satisfies (¢,)) € H™1(Q) x H™(Q),
then for each e € (0,1/4) there exists a constant C, independent of h, such that for
h < hO;
C . m—e
e = ullora < £ ™2 (@llmts + [Mlms) (6.46)
Proof: Recall that u = —715/\ on I'4; see (5.1). Then (6.46) follows trivially from
(6.45) and the trace theorems (see [1])

1 1 C
u=wPlors = 3IA = Allore € £13 = Xlox < ZIA=Xlerrsz- B
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